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NORMALITY CRITERIA CONCERNING COMPOSITE
MEROMORPHIC FUNCTIONS
VIRENDER SINGH AND KULDEEP SINGH CHARAK
Abstract. In this paper, we prove normality criteria for families of meromorphic func-
tions involving sharing of a holomorphic function by a certain class of differential poly-
nomials. Results in this paper extend the works of different authors carried out in recent
years.
1. Introduction and Main Results
Let F be a family of meromorphic functions in a domain D with all zeros of multiplicity
at least k, Pw ≡ P (z, w) :=
n∏
l=1
(w − al(z)) be a polynomial with holomorphic functions
al(z)(1 ≤ l ≤ n) as the coefficients, α(z) be a holomorphic function on D such that
P (z0, w)− α(z0) has at least two distinct zeros for every z0 ∈ D; and
M [f ] := fn0(f ′)n1 · · · (f (k))nk , (k ≥ 1),
be a differential monomial of f ∈ F with degree γM :=
k∑
j=0
nj and weight ΓM :=
k∑
j=0
(j + 1)nj , where n0 ≥ 1 and nj(1 ≤ j ≤ k) are non-negative integers such that
k∑
j=1
nj ≥ 1.
Regarding the normality of F , we consider the following question:
Question 1.1. If for every f, g ∈ F , Pw ◦M [f ] and Pw ◦M [g] share α(z) IM, is it true
that F is a normal family?
The motivation for proposing this question is by the works of Fang and Yuan [3],
Bergweiler [1], Yuan, Li and Xiao [14] and Yuan, Xiao and Wu ([15],[12]). In fact, Fang
and Yuan [3, Theorem 4, p.323] proved: If G is a family of holomorphic functions in a
domain D, P (z) is a polynomial of degree at least 2, α(z) is a holomorphic function such
that P (z)−α(z) has at least two distinct zeros, and if P ◦f(z) 6= α(z) for each f ∈ G, then
G is normal in D. Bergweiler [1, Theorem 4, p.654] generalised this result and proved:
If G is a family of holomorphic functions in a domain D, R(z) is a rational function of
degree at least 2, α(z) is a non constant meromorphic function, and if R◦f(z) 6= α(z) for
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each f ∈ G, then G is normal in D. Yuan, Li and Xiao [14] further improved this result
and proved: If α(z) is a non constant meromorphic function, R(z) is a rational function
of degree at least 2, and R ◦ f and R ◦ g share α(z) IM for all f(z), g(z) ∈ G, then G is
normal in D if one of the following conditions holds:
(1) R(z)− α(z0) has at least two distinct zeros or poles for any z0 ∈ D
(2) There exists z0 ∈ D such that R(z) − α(z0) := P (z)/Q(z) has only one distinct
zero (or pole) β0 and suppose that the multiplicities l and k of zeros of f(z)− β0
and α(z) − α(z0) at z0, respectively, satisfy k 6= lp (or k 6= lq), for each f ∈ F ,
where P and Q are two co-prime polynomials with degree p and q respectively.
And in 2011, Yuan, Xiao and Wu ([15], [12]) extended this result and proved:
Theorem A [15, Theorem 1.4, p.436]. Let α(z) be a holomorphic function, G be a
family of meromorphic functions in a domain D and P (z) be a polynomial of degree at
least 3. If P ◦ f(z) and P ◦ g(z) share α(z) IM for each pair f, g ∈ G and one of the
following conditions holds:
(1) P (z)− α(z0) has at least three distinct zeros for any z0 ∈ D
(2) There exists z0 ∈ D such that P (z) − α(z0) has at most two distinct zeros and
α(z) is non constant. Assume that β0 is the zero of P (z)−α(z0) with multiplicity
p and that the multiplicities l and k of zeros of f(z)− β0 and α(z)− α(z0) at z0,
respectively, satisfy k 6= lp, for all f ∈ G,
then G is normal in D.
Theorem B [12, Theorem 1.2, p.2]. Let α(z) be a holomorphic function and G a
family of holomorphic functions in a domain D. If Pw ◦ f(z) and Pw ◦ g(z) share α(z) IM
for each pair f, g ∈ G and one of the following conditions holds:
(1) P (z0, w)− α(z0) has at least two distinct zeros for any z0 ∈ D
(2) There exists z0 ∈ D such that P (z0, w) − α(z0) has only one distinct zero and
α(z) is non constant. Assume that β0 is the zero of P (z0, w)−α(z0) and that the
multiplicities l and k of zeros of f(z) − β0 and α(z) − α(z0) at z0, respectively,
satisfy k 6= lp, for all f ∈ G,
then G is normal in D.
In this paper we answer Question 1.1 as
Theorem 1.2. If for every f, g ∈ F , Pw ◦M [f ] and Pw ◦M [g] share α(z) IM, then F is
a normal family in D.
Example 1.3. Consider the family F={fn : n ∈ N}, where
fn(z) = nz
k−1; k ≥ 2
in the unit disk D, P (z, w) = (w+ ez)(w− ez) and α(z) ≡ 0. Then, for every fn, fm ∈ F ,
Pw ◦M [fn](z) and Pw ◦M [fm](z) share α(z) IM. However, the family F is not normal in
D. Thus, the condition that every f ∈ F has zeros of multiplicity at least k is essential
in Theorem 1.2.
Example 1.4. Consider the family F={fn : n ∈ N}, where
fn(z) =
1
nz
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in the unit disk D, P (z, w) = (w + izez)(w − izez) and α(z) = z2e2z . Then
Pw ◦M [fn](z) =
k∏
r=1
(r!)2nr
n2γM z2ΓM
+ z2e2z
Clearly, for every fn, fm ∈ F , Pw ◦M [fn](z) and Pw ◦M [fm](z) share α(z) IM. However,
the family F is not normal in D. Thus, the condition that P (z0, w)− α(z0) has at least
two distinct zeros for any z0 ∈ D is essential in Theorem 1.2.
Let S = {ai(z)/i = 1, 2, ..., n} be the set of holomorphic functions. Then we say
that two meromorphic functions f and g share the set S IM if Ef(S) = Eg(S), where
Eφ(S) = {z ∈ D/
n∏
i=1
(φ(z)− ai(z)) = 0}. In that case we write f(z) ∈ S ⇔ g(z) ∈ S.
From Theorem 1.2, we immediately obtain the following corollary by setting α(z) ≡ 0
and P (z, w) a polynomial in variable w that vanishes exactly on a finite set of holomorphic
functions. This result can be seen as an extension of a result due to Fang and Zalcman
[4] to a general class of differential monomials.
Corollary 1.5. Let S be a finite set of holomorphic functions with at least 2 elements.
If, for every f, g ∈ F and for z ∈ D,
M [f ](z) ∈ S ⇔M [g](z) ∈ S,
then F is normal in D.
Further, one can ask what can be said about normality of family F if set S in Corollary
1.5 has cardinality equal to one. In this direction, we prove the following result which
in turn extends the results of Yunbo and Zongsheng [13], Meng and Hu [6], Charak and
Sharma [2] and Sun [10].
Theorem 1.6. Let n0, n1, n2, ..., nk, k be the nonnegative integers such that n0 ≥ 2, nk ≥ 1
and k ≥ 1. Let G be a family of meromorphic functions in a domain D and α(z) 6≡ 0 be a
polynomial of degree p. Suppose that each f ∈ G has zeros of multiplicity at least k+p+1
and poles of multiplicity at least p+ 1. If, for every f, g ∈ G, M [f ](z) and M [g](z) share
α(z) IM, then G is normal in D.
In [3, Theorem 4, p.323], for any f ∈ G, P ◦ f(z) 6= α(z) for every z ∈ D, then it is
natural to investigate the case when P ◦ f(z)−α(z) has zeros. In this direction, we have
the following results:
Theorem 1.7. If for every f ∈ F , Pw ◦M [f ](z)− α(z) has at most one zero, then F is
normal in D.
Theorem 1.8. If for every f ∈ F , Pw ◦M [f ](z) = α(z) implies |f(z)| ≥ M , for some
M > 0, then F is normal in D.
Based on ideas from [2], one may extend Theorem 1.2 under the weaker hypothesis of
partial sharing of holomorphic function in the following way.
Theorem 1.9. If for every f ∈ F , there exist g ∈ F such that Pw ◦M [f ](z) share α(z)
partially with Pw ◦M [g](z), then F is normal in D provided Pw ◦M [g](z) 6≡ α(z).
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2. Proofs of Main Results
Besides Zalcman’s lemma [16, p.216], the proofs of our main results rely on the following
value distribution results:
Lemma 2.1. Let n0, n1, n2, ..., nk, k, p be the non-negative integers with n0 ≥ 2,
k∑
j=1
nj ≥ 1
and k ≥ 1. Let α(z) 6≡ 0 be a polynomial of degree p and f be a non constant rational
function having zeros of multiplicity at least k + p and poles of multiplicity at least p+ 1.
Then fn0(f ′)n1 · · · (f (k))nk − α(z) has at least two distinct zeros.
Proof. Let Ψ := fn0(f ′)n1 · · · (f (k))nk . Suppose on contrary that Ψ(z)− α(z) has at most
one zero. We distinguish the following cases:
Case I: When f is a non constant polynomial. Since f has only zeros of multiplicity at
least k+ p and α(z) is a polynomial of degree p, we can see that Ψ(z)−α(z) has at least
one zero. We set
(2.1) Ψ(z)− α(z) = a(z − z0)
m,
where a is a non zero constant and m > p+ 1 is a positive integer. Then
Ψ(p+1)(z) = am(m− 1)(m− 2) · · · (m− p)(z − z0)
m−p−1
implies that z0 is the only zero of Ψ
(p+1)(z). Since f is a non constant polynomial, it follows
that z0 is a zero of f(z) and hence a zero of Ψ(z) of multiplicity at least γΨ(k+p+1)−ΓΨ.
Thus Ψ(p)(z0) = 0. But, from (2.1), we have Ψ
(p)(z0) = α
(p)(z0) 6= 0, a contradiction.
Case II: When f is a rational but not a polynomial. We set
f(z) = A
s∏
i=1
(z − ai)
mi
t∏
j=1
(z − bj)lj
,(2.2)
where A is a non-zero constant, mi ≥ k + p(i = 1, 2, ..., s) and lj ≥ p+ 1(j = 1, 2, ..., t).
Put
M =
s∑
i=1
mi
and
N =
t∑
j=1
lj .
Then M ≥ (k + p)s and N ≥ (p+ 1)t.
Now,
Ψ(z) = AγΨ
s∏
i=1
(z − ai)
(mi+1)γΨ−ΓΨ
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ
g0(z),(2.3)
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where g0(z) is a polynomial such that deg(g0(z)) ≤ (s+ t− 1)(ΓΨ − γΨ).
On differentiating (2.3), we have
Ψ(p)(z) = AγΨ
s∏
i=1
(z − ai)
(mi+1)γΨ−ΓΨ−p
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ+p
g1(z),(2.4)
Ψ(p+1)(z) = AγΨ
s∏
i=1
(z − ai)
(mi+1)γΨ−ΓΨ−p−1
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ+p+1
g2(z),(2.5)
where g1(z) and g2(z) are the polynomials such that deg(g1(z)) ≤ (s+ t−1)(ΓΨ−γΨ+p)
and deg(g2(z)) ≤ (s+ t− 1)(ΓΨ − γΨ + p+ 1).
Case 2.1 Suppose that Ψ(z)− α(z) has exactly one zero say z0. We set
Ψ(z) = α(z) +
(z − z0)
l
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ
,(2.6)
where l is a positive integer.
On differentiating (2.6), we have
Ψ(p)(z) = B +
(z − z0)
l−p
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ+p
g3(z),(2.7)
Ψ(p+1)(z) =
(z − z0)
l−p−1
t∏
j=1
(z − bj)(lj−1)γΨ+ΓΨ+p+1
g4(z),(2.8)
where B is a non zero constant and g3(z), g4(z) are the polynomials such that deg(g3(z)) ≤
pt and deg(g4(z)) ≤ (p+1)t. On comparing (2.4) and (2.7), we conclude that z0 6= ai(i =
1, 2, ..., s).
Case 2.2.1 l 6= (N − t)γΨ + tΓΨ + p
From (2.3) and (2.6), we deduce
(N − t)γΨ + tΓΨ ≤ (M + s)γΨ − sΓΨ + deg(g0(z))
≤ (M + s)γΨ − sΓΨ + (s+ t− 1)(ΓΨ − γΨ)
⇒ N < M.
Also, from (2.5) and (2.8), we have
(M + s)γΨ − sΓΨ − (p+ 1)s ≤ deg(g4(z)) ≤ (p+ 1)t ≤ N
⇒MγΨ ≤ s(ΓΨ − γΨ + p+ 1) +N
⇒M <
(
ΓΨ − γΨ + p+ 1
(k + p)γΨ
+
1
γΨ
)
M
⇒M < M,
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which is absurd.
Case 2.2.2 l = (N − t)γΨ + tΓΨ + p
When M > N , then by proceeding similar way as in case 2.2.1, we get a contradiction.
When M ≤ N , then from (2.5) and (2.8), we have
l − p− 1 ≤ deg(g2(z)) ≤ (s+ t− 1)(ΓΨ − γΨ + p+ 1)
⇒l ≤ (s+ t− 1)(ΓΨ − γΨ + p+ 1) + p+ 1
⇒(N − t)γΨ + tΓΨ + p ≤ (s+ t− 1)(ΓΨ − γΨ + p+ 1) + p+ 1
⇒N < M
ΓΨ − γΨ + p+ 1
(k + p)γΨ
+N
1
γΨ
⇒N <
(
ΓΨ − γΨ + p+ 1
(k + p)γΨ
+
1
γΨ
)
N
⇒N < N,
which is absurd.
Case 2.2 Suppose that Ψ(z)−α(z) has no zero, then by proceeding the same manner as
in case 2.1, we get a contradiction. Hence the Lemma follows.
Lemma 2.2. Let n0, n1, n2, ..., nk, k be the non negative integers with n0 ≥ 2,
k∑
j=1
nj ≥ 1
and k ≥ 1. Let f be a transcendental meromorphic function such that f has only zeros of
multiplicity at least k+ 1. Then fn0(f ′)n1 · · · (f (k))nk − a(z) has infinitely many zeros for
any small function a(z)( 6≡ 0,∞) of f .
Proof. Let Ψ := fn0(f ′)n1 · · · (f (k))nk . Suppose on contrary that Ψ(z) − a(z) has only
finitely many zeros. Then by second fundamental theorem of Nevanlinna for three small
functions, we have
T (r,Ψ) ≤ N(r,Ψ) +N
(
r,
1
Ψ
)
+N
(
r,
1
Ψ− a(z)
)
≤ N(r, f) +N
(
r,
1
Ψ
)
+ S(r,Ψ).(2.9)
Also, from [2, Theorem 1.1, see (2.2)], we have
N
(
r,
1
Ψ
)
≤
(
1 +
k∑
j=1
)
N
(
r,
1
f
)
+
k∑
j=1
jN(r, f) + S(r,Ψ),(2.10)
where the summation runs over the terms f (j)(1 ≤ j ≤ k) in the monomial Ψ of f .
Since the zeros of f has multiplicity at least k + 1, we have
N
(
r,
1
f
)
= N (k+1
(
r,
1
f
)
≤
1
kn0 + γ − 1
(
N
(
r,
1
Ψ
)
−N
(
r,
1
Ψ
))
.(2.11)
Also, one can see that
N(r, f) ≤
1
ΓΨ
N(r,Ψ).(2.12)
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On combining (2.9), (2.10), (2.11) and (2.12), we get
T (r,Ψ) ≤
1 +
k∑
j=1
j
kn0 + γ +
k∑
j=1
j
N
(
r,
1
Ψ
)
+

1 +
k∑
j=1
j(kn0 + γ − 1)
kn0 + γ +
k∑
j=1
j

N(r,Ψ) + S(r,Ψ)
⇒

1− 1ΓΨ −
1 +
k∑
j=1
j(kn0 + γ − 1)
(kn0 + γ +
k∑
j=1
j)ΓΨ

T (r,Ψ) ≤ S(r,Ψ)
⇒T (r,Ψ) ≤ S(r,Ψ).
Thus, by using the inequality [9]
T (r, f) + S(r, f) ≤ CT (r,Ψ) + S(r,Ψ),
where C is a constant and S(r, f) = S(r,Ψ), we get a contradiction. Hence the Lemma
follows.
Since normality is local property, we shall always assume that D = D, the open unit
disk and hence the point at which the family is assumed to be not normal is the origin.
Proof of Theorem 1.2. Suppose that h1 and h2 are two distinct zeros of P (z0, w) −
α(z0) for any z0 ∈ D. Suppose on contrary that F is not normal at the origin. Then
by Zalcman’s lemma [16, p.216], we can find a sequence {fj} in F , a sequence {zj} of
complex numbers with zj → 0 and a sequence {ρj} of positive real numbers with ρj → 0
such that
gj(ζ) = ρ
−β
j fj(zj + ρjζ)
converges locally uniformly with respect to the spherical metric to a non constant mero-
morphic function g(ζ) on C having bounded spherical derivative.
We take β = ΓM
γM
− 1.
Hence,
Pw ◦M [fj ](zj + ρjζ)− α(zj + ρjζ)→ Pw ◦M [g](ζ)− α(0).
We claim that Pw ◦M [g](ζ) − α(0) has at least two distinct zeros. We distinguish the
following cases:
Case I: Suppose that Pw ◦ M [g](ζ) − α(0) has exactly one zero say a. That is, Pw ◦
M [g](a) = α(0) and Pw ◦M [g](ζ) 6= α(0) for ζ 6= a. Without loss of generality we may
assume that M [g](a) = h1. Then M [g](ζ) 6= h2 and M [g](ζ) 6= h1 for ζ 6= a. If g(ζ) is a
transcendental meromorphic function, then we have
ΓMN(r, g) ≤ N(r,M [g])
≤ T (r,M [g])
≤ N(r,M [g]) +N
(
r,
1
M [g]− h1
)
+N
(
r,
1
M [g]− h2
)
+ S(r,M [g])
≤ N(r, g) + S(r, g)
⇒ (ΓM − 1)N(r, g) ≤ S(r, g)
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⇒ N(r, g) = S(r, g).(2.13)
Since the zeros of g has multiplicity at least k, we have
(2.14) N
(
r,
1
g
)
≤
1
k
N
(
r,
1
g
)
Now,
γMT (r, g) = T (r, g
γM )
= T
(
r,
1
gγM
)
+O(1)
≤ T
(
r,
M [g]
gγM
)
+ T
(
r,
1
M [g]
)
)
+ S(r, g)
≤ T
(
r,
gn0(g′)n1 · · · (g(k))nk
gn0gn1 · · · gnk
)
+ S(r, g)
= m
(
r,
(g′)n1 · · · (g(k))nk
gn1 · · · gnk
)
+N
(
r,
(g′)n1 · · · (g(k))nk
gn1 · · · gnk
)
+ S(r, g)
≤
k∑
i=1
[
m
(
r,
(
g(i)
g
)ni)
+ niN
(
r,
(
g(i)
g
))]
+ S(r, g)
≤
k∑
i=1
ini
[
N(r, g) +N
(
r,
1
g
)]
+ S(r, g).
That is,
(2.15) γMT (r, g) ≤ (ΓM − γM)
[
N(r, g) +N
(
r,
1
g
)]
+ S(r, g).
Substituting (2.13) and (2.14) in (2.15), we get
γMT (r, g) ≤
ΓM − γM
k
N
(
r,
1
g
)
+ S(r, g)
≤
ΓM − γM
k
T
(
r,
1
g
)
+ S(r, g)
≤
ΓM − γM
k
T (r, g) + S(r, g)
⇒
(k + 1)γM − ΓM
k
T (r, g) ≤ S(r, g)
⇒ T (r, g) = S(r, g),
which is a contradiction. If g(ζ) is a non polynomial rational function, then we consider
the following subcases:
Subcase I: h2 6= 0
For a non-zero h2, M [g](ζ)−h2 has at least one finite zero, see [17, Lemma 2.6, p.6]. This
is a contradiction to the fact that M [g](ζ) 6= h2.
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Subcase II: h2 = 0
Since M [g](ζ) 6= h2 = 0, so we deduce
(2.16) g(ζ) =
A
(ζ − b1)l
,
where A 6= 0 is a constant and l ≥ 1.
Now,
M [g](ζ) =
AγM
(ζ − b1)(l−1)γM+ΓM
.
So,
(M [g](ζ))′ =
B
(ζ − b1)(l−1)γM+ΓM+1
.(2.17)
Since, M [g](a) = h1, we have
M [g](ζ)− h1 =
AγM
(ζ − b1)(l−1)γM+ΓM
− h1
= C
(ζ − a)(l−1)γM+ΓM
(ζ − b1)(l−1)γM+ΓM
,
where C 6= 0 is a constant.
Therefore,
(M [g](ζ))′ = (M [g](ζ)− h1)
′(2.18)
=
(ζ − a)(l−1)γM+ΓM−1
(ζ − b1)(l−1)γM+ΓM+1
R(ζ),
where R(ζ) is a polynomial. On comparing (2.17) and (2.18), we have
(l − 1)γM + ΓM − 1 + deg(R(ζ)) = 0
⇒ (l − 1)γM + ΓM − 1 ≤ 0
⇒ (k − 1)γM + ΓM − 1 ≤ 0,
which is a contradiction.
If g(ζ) is a non constant polynomial, then the polynomial M [g](ζ) cannot avoid h1 and
h2 and so Pw ◦M [g](ζ)− α(0) has at least two distinct zeros, which is a contradiction.
Case II: Suppose that Pw ◦M [g](ζ) − α(0) has no zero. Then M [g](ζ) 6= h1, h2. By
proceeding the same way as in case I, we get a contradiction.
Thus the claim hold and hence there exist ζ0 and ζ˜0 such that
Pw ◦M [g](ζ0)− α(0) = 0
and
Pw ◦M [g](ζ˜0)− α(0) = 0.
Consider N1 = {ζ ∈ C : |ζ − ζ0| < δ} and N2 =
{
ζ ∈ C : |ζ − ζ˜0| < δ
}
, where δ(> 0) is
small enough number such that N1 ∩N2 = φ and Pw ◦M [g](ζ)− α(0) has no other zeros
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in N1 ∪ N2 except for ζ0 and ζ˜0. By Hurwitz theorem, there exist points ζj → ζ0 and
ζ˜j → ζ˜0 such that, for sufficiently large j, we have
Pw ◦M [fj ](zj + ρjζj)− α(zj + ρjζj) = 0,
and
Pw ◦M [fj ](zj + ρj ζ˜j)− α(zj + ρj ζ˜j) = 0.
Since, Pw ◦M [f ](z) and Pw ◦M [g](z) share α(z) IM in D, we see for any integer i
Pw ◦M [fi](zj + ρjζj)− α(zj + ρjζj) = 0,
and
Pw ◦M [fi](zj + ρj ζ˜j)− α(zj + ρj ζ˜j) = 0.
For a fixed i, taking j →∞, we have
Pw ◦M [fi](0)− α(0) = 0.
Since, the zeros of Pw ◦M [fi](ζ) − α(ζ) have no accumulation point except for finitely
many fi, so for sufficiently large j, we have
zj + ρjζj = 0, zj + ρj ζ˜j = 0
or ζj =
zj
ρj
, ζ˜j =
zj
ρj
which is a contradiction to the fact that ζj ∈ N1 , ζ˜j ∈ N2 and N1 ∩N2 = φ. Hence F is
normal in D.
Proof of Corollary 1.5. Let S = {al(z) : l = 1, 2, · · · , n} be the set of holomorphic
functions on a domain D with n ≥ 2. Then consider P (z, w) := (w − a1(z))(w −
a2(z)) · · · (w − an(z)) and α(z) ≡ 0. Clearly, for every fi, fj ∈ F , Pw ◦ M [fi](z) and
Pw ◦M [fj ](z) share α(z) IM. Hence, by applying Theorem 1.2, F is normal in D.
Proof of Theorem 1.6. Suppose on contrary that G is not normal at the origin. We
consider the following cases:
Case I: α(0) 6= 0
By Zalcman’s lemma [16, p.216], we can find a sequence {fj} in G, a sequence {zj} of
complex numbers with zj → 0 and a sequence {ρj} of positive real numbers with ρj → 0
such that
gj(ζ) = ρ
−β
j fj(zj + ρjζ)
converges locally uniformly with respect to the spherical metric to a non constant mero-
morphic function g(ζ) on C having bounded spherical derivative.
We take β = ΓM
γM
− 1.
Hence
M [fj ](zj + ρjζ)− α(zj + ρjζ)→ M [g](ζ)− α(0).
Clearly, M [g](ζ) 6≡ α(0). Thus by Lemma 2.1 and Lemma 2.2, M [g](ζ) − α(0) has at
least two distinct zeros. Suppose that ζ0 and ζ˜0 be two distinct zeros of M [g](ζ)− α(0).
Consider N1 = {ζ ∈ C : |ζ − ζ0| < δ} and N2 =
{
ζ ∈ C : |ζ − ζ˜0| < δ
}
, where δ(> 0) is
small enough number such that N1 ∩ N2 = φ and M [g](ζ) − α(0) has no other zeros in
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N1∪N2 except for ζ0 and ζ˜0. By Hurwitz theorem, there exist points ζj → ζ0 and ζ˜j → ζ˜0
such that, for sufficiently large j, we have
M [fj ](zj + ρjζj)− α(zj + ρjζj) = 0,
M [fj ](zj + ρj ζ˜j)− α(zj + ρj ζ˜j) = 0.
Since, M [f ](z) and M [g](z) share α(z) IM in D, we see for any integer i
M [fi](zj + ρjζj)− α(zj + ρjζj) = 0,
M [fi](zj + ρj ζ˜j)− α(zj + ρj ζ˜j) = 0.
For a fixed i, taking j →∞, we have
M [fi](0)− α(0) = 0.
Since, the zeros of M [fi](ζ)−α(0) have no accumulation point, so for sufficiently large j,
we have
zj + ρjζj = 0, zj + ρj ζ˜j = 0
or ζj =
zj
ρj
, ζ˜j =
zj
ρj
which is a contradiction to the fact that ζj ∈ N1 , ζ˜j ∈ N2 and N1 ∩N2 = φ.
Case II: α(0) = 0
We assume α(z) = zpα1(z), where p is a positive integer and α1(0) 6= 0. We may take
α1(0) = 1. By Zalcman’s lemma [16, p.216], we can find a sequence {fj} in G, a sequence
{zj} of complex numbers with zj → z0 and a sequence {ρj} of positive real numbers with
ρj → 0 such that
gj(ζ) = ρ
−η
j fj(zj + ρjζ)
converges locally uniformly with respect to the spherical metric to a non constant mero-
morphic function g(ζ) on C having bounded spherical derivative.
We take η = ΓM−γM+p
γM
Now, we cosider the following subcases:
Subcase I: Suppose there exist a subsequence of
zj
ρj
, for simplicity we take
zj
ρj
itself, such
that
zj
ρj
→∞ as j →∞.
Let Ψ :=
{
Hj(ζ) = z
−η
j fj(zj + zjζ), ∀ {fj} ⊂ G
}
. Thus by the given condition, we have
Hn0j (ζ)(H
′
j)
n1(ζ) · · · (H
(k)
j )
nk(ζ) = (1 + ζ)pα1(zj + zjζ)
⇔ Gn0j (ζ)(G
′
j)
n1(ζ) · · · (G
(k)
j )
nk(ζ) = (1 + ζ)pα1(zj + zjζ),
where Gj(ζ) = z
−η
j gj(zj + zjζ) for every {gj} ⊂ G. Thus, by case I, Ψ is normal in D
and hence there exist a subsequence of {Hj} in Ψ, we may take {Hj} itself, such that Hj
converges spherically uniformly to H(say) on D. We claim H(0) = 0. Suppose H(0) 6= 0,
then we have
gj(ζ) = ρ
−ηfj(zj + ρjζ) =
(
zj
ρj
)η
Hj
(
ρj
zj
ζ
)
converges locally uniformly to ∞ on C. This implies that g(ζ) ≡ ∞, which is a contra-
diction. Thus the claim hold and hence H ′(0) 6=∞. Now, for any ζ ∈ C, we have
g′j(ζ) = ρ
−η+1
j f
′
j(zj + ρjζ)
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=
(
ρj
zj
)
−η+1
H ′j
(
ρj
zj
ζ
)
χ
→ 0
on C. Thus g′(ζ) ≡ 0. This implies that g is a constant, which is a contradiction.
Subcase II: Suppose there exist a subsequence of
zj
ρj
, for simplicity we take
zj
ρj
itself, such
that
zj
ρj
→ c as j →∞, where c is a finite number.
Let φj(ζ) = ρ
−η
j fj(ρjζ). Then
φj(ζ) = gj
(
ζ −
zj
ρj
)
→ g(ζ − c) := φ(ζ).
Thus
φn0j (ζ)(φ
′
j)
n1(ζ) · · · (φ
(k)
j )
nk(ζ)− ζp
= gn0
(
ζ −
zj
ρj
)
(g′)n1
(
ζ −
zj
ρj
)
· · · (g(k))nk
(
ζ −
zj
ρj
)
−
(
ζ −
zj
ρj
)p
→ gn0(ζ − c)(g′)n1(ζ − c) · · · (g(k))nk(ζ − c)− (ζ − c)p
:= φn0(ζ)(φ′)n1(ζ) · · · (φ(k))nk(ζ)− ζp
Clearly, φn0(ζ)(φ′)n1(ζ) · · · (φ(k))nk(ζ) − ζp 6≡ 0. Thus by Lemma 2.1 and Lemma 2.2,
φn0(ζ)(φ′)n1(ζ) · · · (φ(k))nk(ζ)− ζp has at least two distinct zeros. Thus by proceeding the
same way as in Case I, we get a contradiction. Hence G is normal in D.
Proof of Theorem 1.7. Suppose F is not normal at the origin. Then by Zalcman’s
lemma [16, p.216], we can find a sequence {fj} in F , a sequence {zj} of complex numbers
with zj → 0 and a sequence {ρj} of positive real numbers with ρj → 0 such that
gj(ζ) = ρ
−β
j fj(zj + ρjζ)
converges locally uniformly with respect to the spherical metric to a non constant mero-
morphic function g(ζ) on C having bounded spherical derivative.
We take β = ΓM
γM
− 1.
Hence,
Pw ◦M [fj ](zj + ρjζ)− α(zj + ρjζ)→ Pw ◦M [g](ζ)− α(0).(2.19)
Clearly, Pw ◦M [g](ζ) 6≡ α(0). We claim that Pw ◦M [g](ζ)− α(0) has at most one zero.
Suppose that Pw ◦M [g](ζ) − α(0) has two distinct zeros say ζ1 and ζ2. Then by (2.19)
and Hurwitz theorem, there exist points ζj1 → ζ1 and ζj2 → ζ2 such that
Pw ◦M [fj ](zj + ρjζj1)− α(zj + ρjζj1) = 0
and
Pw ◦M [fj ](zj + ρjζj2)− α(zj + ρjζj2) = 0,
for sufficiently large j. Since, zj+ρjζji → 0(i = 1, 2) and Pw◦M [fj ](zj+ρjζ)−α(zj+ρjζ)
has at most one zero, we get a contradiction. Thus the claim holds. But as shown in
the proof of Theorem 1.2, Pw ◦M [g](ζ) − α(0) has at least two distinct zeros and this
contradicts our claim. Hence F is normal in D.
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Proof of Theorem 1.8. Suppose F is not normal at the origin. Then as in the proof
of the Theorem 1.7, we find that
Pw ◦M [fj ](zj + ρjζ)− α(zj + ρjζ)→ Pw ◦M [g](ζ)− α(0).
Clearly, Pw ◦M [g](ζ) 6≡ α(0). As shown in the proof of Theorem 1.2, Pw ◦M [g](ζ)−α(0)
has at least one zero say ζ0 and hence g(ζ0) 6= ∞. By Hurwitz theorem, for sufficiently
large j, there exist a sequence ζj → ζ0 as j →∞ such that
Pw ◦M [fj ](zj + ρjζj)− α(zj + ρjζj) = 0.
Thus by the given condition, Pw ◦M [f ](z) = α(z) implies |f(z)| ≥ M , we have
|gj(ζj)| = ρ
−β
j |fj(zj + ρjζj)|
≥ ρ−βj M.
Since g(ζ0) 6=∞ in some neighborhood of ζ0 say Nζ0 , it follows that for sufficiently large
values of j, gj(ζ) converges uniformly to g(ζ) in Nζ0 . Thus for ǫ > 0 and for every ζ ∈ Nζ0 ,
we have
|gj(ζ)− g(ζ)| < ǫ.
Therefore, for sufficiently large values of j, we have
|g(ζj)| ≥ |gj(ζj)| − |g(ζj)− gj(ζj)| ≥ ρ
−β
j M − ǫ,
which is a contradiction to the fact that ζ0 is not a pole of g(ζ). Hence F is normal in
D.
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